In a universe with quintessence isocurvature, or perturbations in dark energy that are independent from the usual curvature perturbations, structure formation is changed qualitatively. The existence of two independent fields, curvature and isocurvature, causes the growth rate of matter perturbations to depend on their initial conditions. The quintessence perturbations cause their growth to depend on scale. We perform the first separate universe simulations for this cosmology. We demonstrate that the power spectrum response and the halo bias depend on scale and initial conditions axnd that the presence of the isocurvature mode changes the mapping from these quantities to the halo autoand cross-power spectra, and the squeezed-limit bispectrum. We compare the bias to several models, finding reasonable agreement with both a power-spectrum-response model with one free parameter and a model that fits two independent bias parameters for curvature and isocurvature sourced fluctuations. We also verify that simulation responses to pure isocurvature and pure curvature modes can be linearly combined to reproduce responses with different ratios of isocurvature and curvature. This allows our results to be used to predict the halo power spectrum and stochasticity with arbitrary large-scale curvature and isocurvature power spectra. In an appendix, we study the generation of quintessence isocurvature during inflation and show that a modified kinetic term is typically required to produce observable isocurvature modes in a field with wQ ≈ −1.
I. INTRODUCTION
The nonlinear regime of large-scale structure can provide a wealth of information about the initial conditions of our universe and its dynamical evolution. However, analytic calculations of nonlinear growth present formidable conceptual and technical challenges. The separate universe formalism has proven to be a useful tool for studying mode coupling in the evolution of large-scale structure, providing a conceptually simple framework that gives insight into the nonlinear regime. In the separate universe formalism, the nonlinearity of structure growth is studied through the effect that long-wavelength modes have on small-scale observables, such as the local power spectrum and local number densities of collapsed objects. Since the long-wavelength modes are far above the nonlinear scale, their evolution can be calculated using linear perturbation theory, while the small-scale observables, extracted from N-body simulations, can be determined deep into the nonlinear regime.
Separate universe techniques have been applied to studies of mode coupling in the production of primordial density perturbations during inflation [1, 2] , including isocurvature modes in multi-field models [3] .
The formalism was then developed for largescale structure formation throughout matter and dark energy domination [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . This approach was applied to investigations of halo assembly bias [17] , adiabatic perturbations in the presence of clustering quintessence [18] , and the cosmological effects of massive neutrinos [19] .
These latter two studies found that scale dependence in structure formation can arise from scale dependent growth of the long-wavelength matter perturbations. Although, the effect was relatively small in both cases.
In this work, we apply these separate universe techniques to the case of clustering quintessence which sources isocurvature perturbations. Our goal is to study the clustering of matter on large scales in a broader context, in which the growth histories of longwavelength matter perturbations can differ dramatically. For this purpose, we chose a model that makes the effects of history dependence large, allowing us to test our understanding of the scale dependence and time evolution of quantities such as the halo bias. The quintessence model is chosen as an academic example of a scenario with isocurvature perturbations that are important at late times and we do not require consistency of the model parameters with current data. We will, however, comment on the observational viability and physical imprint of this type of quintessence on the observed matter power spectrum, halo bias, and halo stochasticity.
Quintessence isocurvature is an extension of standard ΛCDM cosmology, in which a scalar field is both responsible for the dark energy content of the universe, and also gives rise to primordial entropy perturbations. These perturbations are additional degrees of freedom for the initial configuration of energy densities and pressures in the early universe. Their presence affects the evolution of structure growth and halo formation in a scale dependent way. The effect can be made arbitrarily large or small by tuning the ratio of primordial curvature and isocurvature.
The effect of quintessence isocurvature on cosmic structure enables us to study the history dependence of structure formation.
Matter perturbations that are sourced by different amplitudes of primordial curvature and isocurvature will evolve differently in time. Additionally, the clustering property of the quintessence introduces a new physical scale, the quintessence Jeans scale, which causes scale dependent evolution for different modes of the matter density perturbation. Quintessential scale dependent growth was first studied in [18] , using separate universe simulations with a model that contained purely adiabatic perturbations. In the current work we use the same model but with different parameters, allowing for isocurvature perturbations that are used to amplify the scale dependence in the evolution of the matter.
This allows us to study structure formation in regions for which the large-scale matter and quintessence fields arrive at the same final state, but evolve through significantly different histories.
This paper is organized as follows.
Section II presents the model of clustering quintessence, focusing on features of the model that allow for isocurvature perturbations that are conserved on superhorizon scales. Section III reviews the separate universe formalism and the numerical linear perturbation theory calculations that were used to fix the expansion histories of our separate universe simulations. Section IV summarizes how the simulations were performed, the parameter choices that were made, and how the results were analyzed.
Section V shows the results for the matter power spectrum responses, comparing them to 1-loop perturbation theory calculations.
The halo biases measured from the simulations are presented in Section VI. In Section VI we also verify that linear combinations of the individual responses measured from simulations with pure isocurvature and pure adiabatic long wavelength modes reproduce the net response for simulations with different fractions of initial isocurvature perturbations. This allows us to generate predictions for halo bias and the squeezed-limit bispectrum for arbitrary initial curvature and isocurvature power and cross-power spectra without the need for additional simulations. Section VII compares the simulation bias results to models for scale-dependent bias. In Section VIII we consider the long-wavelength power spectrum, clustering bias, and stochasticity arising from ensemble averaging over the long-wavelength primordial curvature and isocurvature modes. In Appendix A we discuss the viability of some mechanisms to generate quintessence isocurvature perturbations in the early universe.
II. ISOCURVATURE PERTURBATIONS
We work with a K-essence [20] type scalar field dark energy Lagrangian of the form L = 2c
The quintessence field Q is minimally coupled to the metric, but its kinetic term is the standard kinetic term X raised to a power involving the model parameter c 2 Q . The constant Λ is not the cosmological constant here, it is another model parameter with the same dimensions as X, and its value is important for ensuring that Q behaves as dark energy at late times. This dark energy model was considered in [21, 22] , and was shown to contain quintessence perturbations that are conserved outside the horizon. These dark energy perturbations act as a source of growing isocurvature modes in cold dark matter.
In the uniform field gauge (which is also the comoving gauge), where perturbations in Q vanish, the sound speed is the constant c Q . For c Q = 1, the kinetic term in Eq.
(1) reduces to the canonical one. If this sound speed is chosen to be small compared to the speed of light, the dark energy perturbations cluster after horizon crossing.
The equation of state parameter, w Q , can be fixed by choosing an appropriate potential. However, if w Q is chosen to be constant, then the adiabatic sound speed is
Whereρ Q andp Q are the energy density and pressure of the homogenous, background quintessence field. The dots denote derivatives with respect to time. As we will see in the following, gravitational coupling between the matter and quintessence perturbations makes it impossible to have conserved isocurvature on superhorizon scales under these conditions. The back reaction of matter onto quintessence will cause it to evolve even on superhorizon scales.
To avoid this, the equation of state can instead be fixed by choosing Λ and V (Q) so that the potential is large in comparison with the kinetic term. In this way, the equation of state is held at w Q −1 by the large value of the potential, while the adiabatic sound speed depends only on the slope of the potential.
The equation of motion for the homogeneous background field is
where H = H(a) is the Hubble rate and primes are derivatives with respect to log(a). For simplicity we'll assume the potential has a constant slope V, Q , which allows us to find an exact solution,
The integration constant f (a i ) fixes the value of Q at some initial time a i . Due to the factor of a −3 H(a) in Eq. (6) , and the small value of the sound speed, the integration constant is unimportant relative to the first term in f (a) so we set f (a i ) to zero. In particular, during inflation the solution for Q rapidly evolves to a constant that is independent of the initial condition. The slope of the potential is not required to be small, since the change in the field strength is determined by the constant Λ. Integrating Eq. (5) gives the background evolution of the quintessence field. However, by assumption, the background field is dominated by a large integration constant Q 0 . For a given potential, V (Q 0 ) is fixed to reproduce the present day energy density of the universe. The constant Λ is then used to ensure that the time dependent term in Q is always small compared to Q 0 . This is different from the typical slow-roll assumptions, which enforce both that w −1, and that the fractional change in w over a Hubble time is small. In our case, the fractional change in the equation of state is not small during eras when H /H is not small, but the equation of state was so close to w = −1 initially that Q still behaves as dark energy today.
The adiabatic speed of sound for this solution is
At early times during matter domination, for c 2 Q 1, this gives c 2 a −3/2. Note, the adiabatic sound speed is only the sound speed of physical perturbations if they are adiabatic. For stability, the negative value of c 2 a indicates that there must nonadiabatic stress, and therefore entropy perturbations.
The equations for linear perturbations are convenient to analyze in the synchronous gauge [23, 24] . Linear perturbations in the scalar components of the quintessence stress-energy tensor are gauge-dependent quantities. In the uniform Q gauge and synchronous gauge, they are related by
Here, δρ Q is the linear perturbation to the quintessence energy density, δp Q is the linear perturbation to the its pressure, and u Q is the velocity potential of the quintessence field, all evaluated in the synchronous gauge. The quantities on the left are evaluated in the uniform field gauge, which is comoving with Q, so the velocity potential u Q | u vanishes.
From the above transformation, we can obtain the sound speed in the synchronous gauge, which is
The equation of state and synchronous gauge sound speed can be used to eliminate the pressure and its linear perturbation from the quintessence continuity and Euler equations. The continuity equation for the pressureless matter can be used to eliminate the scalar metric degree of freedom. The resulting system of differential equations describing the linear perturbations of the combined matter-quintessence cosmic fluid is
where f (a i ) = 2/9 during matter domination. The matter perturbations are sourced by both primordial isocurvature fluctuations (I) and curvature fluctuations (R). The latter correspond to the homogeneous solution of the linear growth equation for matter. Introducing transfer functions for the quintessence energy density contrast, velocity potential, and the separate curvature and isocurvature components of the matter density contrast
The total linear matter power spectrum is then where P RR , P RI and P II are the auto and crosspower spectra for primordial curvature and isocurvature.
In the last line we have defined P XY mm as parts of the matter perturbation sourced by curvature and isocurvature spectra. On sub-Jeans scales, the total matter power spectrum is just the contribution from adiabatic perturbations, P RR mm . In this regime we will always choose P RR mm (k) to be the usual ΛCDM matter power spectrum (our specific parameter choices will be given in Table I ). On larger scales, we leave the P RR , P RI and P II unspecified, but in Section VIII we will show how different assumptions about the power spectra impact observables.
The curvature-sourced transfer function depends on k only through its initial condition. The isocurvaturesourced transfer function has k-independent initial conditions, but it has k-dependent evolution. This scale dependence ultimately originates in the velocity gradient in the quintessence continuity equation, which becomes important after horizon crossing.
Scale-dependent growth occurs from the horizon down to the Jeans scale, below which the quintessence perturbations are pressure supported so they do not grow. Far below the Jeans scale, the matter is dominated by its adiabatic component with scale-independent growth.
Solutions to the linear growth equations are plotted in FIG. 1, with initial conditions fixed by setting the final δ m0 to be the same value for all matter modes. To emphasize the effects of isocurvature we fix the ratio of primordial curvature to isocurvature to be I/R = ±100 outside the horizon. The comoving sound speed is set to c Q = 0.1, which fixes the quintessence Jeans scale today to be k J 10 H 0 . Both the curvature and quintessence fluctuations are constant outside the horizon. After horizon crossing, the quintessence grows until crossing the Jeans scale. Below the Jeans scale, these perturbations oscillate and quickly decay away, so k 100 H 0 is essentially a purely adiabatic mode.
During matter domination, the matter components sourced by curvature and isocurvature grow as a and a 3 respectively. There are two scale-invariant regimes for matter growth, the isocurvature-dominated regime at large scales and the curvature-dominated regime at small scales. The ratio I/R and the quintessence Jeans scale determine where the transition is between these two regimes. The larger I/R becomes, to closer the transition is to the quintessence Jeans scale. The scale dependent growth is most extreme near these intermediate scales.
For the matter perturbations, the behavior depends on the relative sign of the primordial curvature and isocurvature fluctuations. Since the two terms in the initial condition for the matter have opposite signs, correlated curvature and isocurvature tends to decrease the matter perturbations below their adiabatic value, whereas they are increased by anticorrelated primordial fluctuations. The net effect is that matter perturbations grow rapidly at late times in the correlated case, while they approach a maximum value and then decrease when R and I are anticorrelated.
III. SEPARATE UNIVERSE
The following summarizes previous work by Hu et al. [8] , in which separate universe techniques were developed for large-scale structure in the presence of a long-wavelength Jeans scale.
In the separate universe formalism, we consider a region embedded in a long-wavelength matter perturbation δ L , which is approximately spatially homogeneous across the region. In this region, the long-wavelength perturbation appears as a shift in the average matter energy densitȳ
Here, the local quantities in the "windowed" region are denoted with a subscript W . The wave number of a longwavelength perturbation under consideration is k. We restrict our analysis to windowed regions that are smaller than the quintessence Jeans scale so that the quintessence perturbations can be ignored, and the only fluctuations aroundρ W are fluctuations in matter. Wave numbers of modes smaller than the size of this region, and therefore smaller than the quintessence Jeans scale, will be denoted below as k S .
Requiring that the local matter density evolves as a
with respect to the local scale factor gives,
Since the long-wavelength perturbation is negligible at early times, the two cosmologies initially coincide. At leading order in δ L , this condition fixes the transformation from the global to the local cosmology
A. Linear perturbations
Consider a small-scale mode of the local matter perturbation δ mW . The evolution of this mode with respect to the local cosmology satisfies the same growth equation as adiabatic matter perturbations with respect to the global cosmology. For linear perturbations, we write δ mW in terms of a local linear growth factor
where k is the wave number of long-wavelength mode, and we are choosing D W (a i ; k) = 1. If the initial condition for δ mW at scale factor a i is set early enough, its dependence on the long-wavelength mode is negligible. The evolution of the linear growth factor is given by
Small-scale perturbations are well below the Jeans scale, so at these scales the quintessence perturbations are negligible, which is why they do not show up on the right hand side of the above expression. The local matter growth factor can be decomposed into a term equal to the global growth factor and a response term sourced by the long-wavelength mode
Using the transformations in Eq. (26) (27) to rewrite Eq. (30) in terms of the global cosmology gives,
The small-scale mode is only sourced by curvature, but the long-wavelength mode has both curvature and isocurvature contributions. We can define transfer functions for the response
During matter domination, the initial conditions are
B. Power spectrum growth response
The local matter-matter power spectrum of a region within a long-wavelength mode will differ from the global power spectrum. The difference can be characterized by three contributions: change in comoving wavelengths, change in the definition of the average background energy density, and change in the local growth factor [25] . These contributions are summarized by
The first term refers to the dilation of comoving wavelengths, which is due to the local scale factor's dependence on the long-wavelength mode. This term can be calculated
The second term refers to the shift in the mean energy density, which changes the definition of energy density contrasts. This is simply
The final term, referring to change in the growth factor due to the long-wavelength mode, can be estimated by taking the finite difference derivative between the local power in overdense and underdense separate universe regions
Note, this last term is the only contribution to the power spectrum response that depends dynamically on the longwavelength mode. The other two contributions can be calculated without separate universe simulations. All of the references to the power spectrum response below refer only to the growth part of the response. Since R g depends dynamically on the long-wavelength mode, it will depend on the evolutionary history of δ L [26] . Therefore R g depends on the particular ratio of adiabatic and isocurvature modes that comprise δ L . For a single realization, δ L = T R m R + T I m I, the power spectrum response is given by
From Eq. (41) it is clear that the total growth response in Eq. (40) from a single realization of δ L is in general a random variable, dependent on the realization of I and R. This is in contrast to a cosmology in which a single degree of freedom determines δ L and each mode of δ L (k) has the same evolutionary history (e.g. for adiabatic perturbations in ΛCDM [6] [7] [8] , quintessence [18] , or neutrino-CDM cosmologies [19] ). In what follows it will be helpful to define individual growth responses for the pieces of δ L generated by I and R
Unlike the total growth response in Eq. (41), the individual responses to the adiabatic and isocurvature terms are not realization-dependent. The existence of two modes, I and R, changes the usual separate universe relationships between , R g , and the squeezedlimit bispectrum. Determining the change in the power spectrum due to the presence of a long-wavelength mode from Eq. (37) requires knowledge of the local values of R and I that generated the long-wavelength mode. As we shall see, the squeezed-limit bispectrum will depend on P RR , P RI , and P II . The power spectrum response for single realizations of δ L is plotted in FIG. 2 as a function of the largescale wave number. Far above the jeans scale, the response is isocurvature dominated and scale invariant. Far below the jeans scale, the response approaches the purely adiabatic value. Between the horizon crossing scale and Jeans scale the response is scale dependent. In the correlated case (I/R > 0), the initial conditions for the curvature and isocurvature components of the matter modes have opposite sign. At a given redshift there is a scale at which the two components cancel, so the total matter perturbation vanishes, causing the response to diverge at this scale.
The squeezed-limit bispectrum can be determined by computing the correlation between the local power spectrum and
Computing the ratio we find
The coefficients of the growth responses depend on the primordial power spectra, P RR , P RI , and P II , which depend on the mechanism, inflationary or otherwise, that generates these fluctuations in the early universe. Here The divergence in the correlated case (I/R > 0) is due to the initial condition for the curvature and isocurvature components of the matter perturbations having opposite sign. There is a scale at which the two components cancel causing the total matter perturbation to vanish. Right: the z = 0 power spectrum response assuming scale invariant power spectra for the primordial curvature and quintessence isocurvature perturbations. The cross correlation is taken to be either vanishing, or ±90% the Cauchy-Schwarz bound, with isocurvature amplitude 100 times larger than the curvature amplitude. The double bracket indicates averaging in the following sense: Rg = Rgδmδm / δmδm .
we make no attempt to find a model that would generate these primordial fluctuations in the early universe. However, the appendix at the end of this paper considers the viability of certain models that could produce isocurvature modes that are significantly correlated or anticorrelated with the primordial curvature modes. The last two terms in Eq. (45) can be interpreted as the growth part of the power spectrum response averaged over the long-wavelength mode in the following sense:
For the purposes of illustrating the effects of averaging over long-wavelength modes, we make the assumption that both of the auto power spectra and the cross power spectrum of the primordial curvature and isocurvature fluctuations are scale invariant. FIG. 2 shows examples of the averaged power spectrum responses with the isocurvature amplitude taken to be 100 times larger than the curvature amplitude to emphasize its effect. Examples are shown with cross correlation vanishing, and with the cross correlation ±90% its bound with respect to the Cauchy-Schwartz inequality, |P RI | ≤ √ P RR P II .
IV. SIMULATIONS
Separate universe simulations involve computing the evolution of an N-body system of particles within the context of a long-wavelength mode that is treated as a shift in the homogeneous background energy density. In our case, the particles are cold dark matter and baryons, which are treated equivalently because we are interested in scales much larger than the baryonic Jeans scale. The system includes N p = (512) 3 nonrelativistic particles interacting only through Newtonian gravity on an FRW expanding background. The comoving size of the box is fixed locally to length L W = 500 Mpc/h. The expansion is characterized by the local Hubble rate H W as a function of local scale factor a W , which differs from ΛCDM by a perturbatively small contribution due to the presence of the long-wavelength mode δ L . At a given wave number, δ L is computed by numerically integrating Eq. (15) (16) (17) . Values of the local scale factor and Hubble rate are tabulated using Eq. (26) (27) . The background expansion is fixed entirely by δ L and the choice of global cosmology parameters Ω m = 0.3, Ω Q = 0.7, and w Q = −1.
The N-body simulations were run using the code Gadget2 [27] , modified to read in tabulated values of the separate universe scale factor and Hubble rate for a given long-wavelength mode. Sets of 20 simulations were run for the long-wavelength modes k/H 0 =1, 7, 10, 14, and 100 with I/R = −100, and k/H 0 =1, 10, and 100 with I/R = 100. These range from the isocurvature to the curvature dominated regime, capturing features of the scale dependent power spectrum response. Additional simulations were run for a pure isocurvature mode at k/H 0 = 10, and a pure curvature mode. With both overdense and underdense separate universe simulations for each mode, 400 separate universe simulation were run in total. An additional 20 were from for a larger global universe box of size L = 1000 Mpc/h with (512) 3 particles with standard adiabatic initial conditions. These were used to measure the clustering bias as a check on our separate universe results for the adiabatic response bias. Initial conditions were generated as realizations of Gaussian random fields from the matter power spectrum at the initial simulation time z i = 49. Although the baryons behave indistinguishably from the dark matter in the N-body interactions, their presence affects the shape of the power spectrum through the baryonic acoustic oscillations. To account for this, the power spectrum is first calculated at redshift z = 0 with the code CLASS [28] , using the cosmological parameters given in Table  (I) . The matter power spectrum is then rescaled back to the initial simulation time. At early times, the difference between local and global cosmology is negligible, so the primordial fluctuations are the same for both. However, the linear growth factors are not the same. To account for this, we rescale the power spectrum back using the global growth factor, and forward to the initial simulation time using local scale factor
For each long-wavelength mode, the same 20 random seeds were used to generate the initial conditions for the particles' positions and velocities. These were corrected using a second order Lagrangian perturbation theory code to reduce transients [29] . Simulation snapshots were taken at values of the global redshifts z = 1.0, 0.75, 0.5, 0.25, and 0.0. Since the simulations are run in local time, their snapshot output times are adjusted according to Eq. (26) to make sure overdense and underdense boxes are matched at the same the global time.
V. POWER SPECTRUM RESPONSE
For a given simulation snapshot, the particle positions were converted to a density field, which was Fourier transformed using FFTW [30] . The density field was estimated by distributing the particles to sites on a (1024) 3 grid, using the cloud-in-cell method. The power spectrum was then calculated from the Fourier transformed density field, and the power spectrum response was estimated through the finite difference derivative in Eq. (40) , from the overdense and underdense separate universe simulations. By resampling over the 20 random realizations, the bootstrap variance in the power spectrum response was calculated.
Effects of weakly nonlinear growth can be captured by calculating the power spectrum using perturbation theory. At 1-loop we have [31] 
where the first term is the linear power spectrum and last two terms are proportional to (D W ) 4 . The 1-loop correction to the power spectrum response is
Here R g is the linear power spectrum response. The power spectrum responses measured from our simulations at z = 0.25 are plotted in FIG. 3 , along with a 1-loop calculation shown for each value of k that was simulated. Above the nonlinear scale, the response measured from the simulations agrees well with the linear power spectrum response. Agreement with the 1-loop calculation continues until k S 6 × 10 −2 Mpc −1 , which is approaching the nonlinear scale where perturbation theory is no longer valid.
VI. HALO BIAS
The Lagrangian bias was determined for each simulation set by using the abundance matching method [32] , which involves calculating the mass shift at a fixed cumulative number density between overdense and underdense separate universes. For a given set of simulations, a cumulative catalog of halo masses, from all 20 realization of the initial conditions, was constructed and then sorted in descending order. These sorted mass catalogs give an estimate of the cumulative number density of objects above some threshold mass
From our sorted halo catalogs, we construct the following lists
The ± superscripts refer to overdense and underdense separate universes. By fitting the above lists with splines, we obtained estimates of the functions s(logM ), which is the mass shift, and n(logM ), which is the halo mass function. The average Lagrangian bias above mass M is then estimated
Note, all biases reported and discussed below will be biases averaged above a mass threshold. The halo finding program Rockstar [33] was used to extract catalogs of bound objects and their spherical overdense masses.
Halo masses are calculated in Rockstar by finding the outermost particle position from the halo's center of mass at which the average spherical overdensity inside this radius is greater than some threshold
The density threshold used here is the virialization threshold
Since Rockstar determines densities with respect to the local, separate universe comoving distances, the threshold has to be converted to these coordinates
That is, an overdense separate universe has an apparently lower density threshold to form collapsed objects. At small masses, the discreteness of this halo mass determination introduces an artificial spread in the values s i . We modified this mass calculation, based on the work [32] , to include a contribution from particle N + 1, assuming its mass to be uniformly distributed in the spherical shell between r N +1 and r
Here V N is the volume inside the radial position of the N th particle from the halo's center. Masses calculated this way are continuous, and produce less spread in the values of the mass shift at low mass.
We repeated this calculation of the Lagrangian bias, resampling with replacement over our sets of random initial conditions, and calculated the bootstrap variance. The biases at redshift z = 0 are shown in FIG. 4 , along with the ratio of the Lagrangian biases to the adiabatic (I = 0) Lagrangian bias. We will refer to the latter quantity as the relative bias.
The scale dependence is clearly demonstrated within the bootstrap variances from the simulations, especially for the anticorrelated case. The recovery of the adiabatic bias below the Jeans scale is demonstrated for the k/H 0 = 100 mode.
The relative biases are consistent with being mass independent for the masses we are sensitive to (∼ 10 13 − 10 15 M ). Small variations in the relative bias as a function of mass is due to the spline fitting. At masses above 10 15 M , halos are rare and the spline fitting becomes very sensitive to the choice of knots, so the bias is not well determined there.
As a test of our bias determinations, we compared them to measurements of the clustering bias from a simulation with box size (1000 Mpc) 3 , number of particles (512) 3 , and a standard, global ΛCDM background cosmology with purely adiabatic perturbations. The clustering bias, b C , is measured from the matter-halo cross power spectrum on linear scales [34] [35] [36] 
Treating b 2 as a nuisance parameter, we fit the above function for value of k S up to 0.05 Mpc −1 . We found the cluster bias to be in excellent agreement with our separate universe response biases for the adiabatic mode. 
A. Linearity of responses
Our simulations involve two independent components of the long-wavelength modes: the curvature and the quintessence-sourced isocurvature. We fix the initial relative amplitudes of these as part of our simulation parameters. However, since both components of the longwavelength mode stay perturbatively small, it should be the case that responses can be decomposed into two terms, one for each component. Suppose we have a small-scale observable O W , which 1 It is always, of course, a working assumption of the separate universe approach that responses computed from simulations with a particular realization of the long-wavelength mode can be combined to produce the response for a different realization, e.g. for a larger or smaller amplitude δ L or a δ L with a different density profile. We nevertheless want to verify this assumption for the more extreme examples of different δ L considered in this paper.
responds to the long-wavelength mode
In this way, we can take linear combinations of responses from simulations with purely adiabatic and purely isocurvature long-wavelength modes and obtain the response for any realization of δ L with initial relative amplitude I/R. The evolution of the total long-wavelength matter perturbation with both curvature-sourced and isocurvature-sourced components can differ significantly from the purely isocurvature-sourced and purely curvature-sourced perturbations. The evolution even becomes nonmonotonic in the case with I/R = −100. In order to test the linearity of responses, an additional set of simulations was run with long-wavelength mode that was purely isocurvature-sourced, at wave number k/H 0 = 10. The power spectrum response 0.8 Since the responses are estimated using finite difference derivatives with respect to the long-wavelength mode, we expect numerical errors on the order of δ L ∼ 1%. In addition to this, we have cosmic variance from the limited set of realizations for the initial conditions. The difference in the power spectrum response obtained from linear combination and the total long-wavelength mode simulations is < 2% even into the nonlinear regime, which is consistent with our expected numerical accuracy.
For the biases, the error is dominated by shot noise and stochasticity. At masses between 10 13 − 10 15 M , the two estimates of the Lagrangian bias are within 1.5 σ, so linearly combining purely isocurvature-sourced and purely curvature-sourced simulation results gives a good estimate of the small-scale observable responses. As a result, our simulation responses can be rescaled and linearly combined to estimate what the responses would be in the presence of different long-wavelength modes with particular realizations of I and R, and ultimately, different primordial power spectra and cross spectra for I and R as discussed in III.
VII. BIAS MODELS
The linearity of the biases allows us to identify two independent bias coefficients, b L R (a) and b L I (a, k), for purely curvature-sourced and isocurvature-sourced matter perturbations respectively. In general, these have different mass dependence, so their ratio depends on both mass and wave number. For a given realization of I/R, the total relative bias is
To predict the total relative bias, we must model the relative bias for the purely isocurvature-sourced modes. This amounts to describing the scale dependence and time evolution of the pure isocurvature bias. We define the isocurvature relative bias:
Different bias models correspond to different choices for the k-dependence and evolution of β L .
Below we consider two classes of models. The first class attempts to reproduce the pure isocurvature relative bias using the transfer functions T R m and T I m . This fixes the scale dependence and evolution of the isocurvature bias up to an overall multiplicative factor, which we take to be independent of scale and fit to the isocurvature dominated scales (k/H 0 ≤ 1.). The transfer function models generically involve at least one free parameter.
The second class of models assumes that the bias is proportional to another small-scale observable's response to the long wavelength mode, such as the power spectrum response, or the response of the critical linear density for spherical collapse. The relative bias for this class of models is just the ratio between the pure isocurvature and pure curvature responses, so these models involve no free parameters.
A. Transfer function models
Models of halo bias that are local in time assume that the fluctuations in halo number density are fixed by the configuration of the matter density field at a single redshift. The evolution of halo abundance is then an initial value problem, with initial data given by the matter density field's configuration on a single time slice. This is, for instance, the point of view adopted in the excursion set theory approach to large scale structure. In this approach, the matter density field at early times is smoothed over a range of scales and compared to the critical density for spherical collapse linearly evolved back to the redshift of the initial data. From this point of view, it is natural to model the evolution and scale dependence of the halo bias using the transfer functions for the linear evolution of the different components of matter fluctuations.
For these models the Lagrangian biases have simple evolutions, inversely proportional to the transfer functions. We will consider two different possibilities for the evolution and scale dependence of β(a, k). The first assumes passive evolution of halo abundance, so that the number density of halos at a given mass is conserved. Scale dependence in the bias then arises from scale dependence in the isocurvature transfer function at late times. The second model assumes that the individual biases are scale invariant at all times. Scale-dependent bias in this case arises from when the two bias terms are combined, through the scale dependence of the total matter perturbation.
The models we consider are based on the matter transfer functions T R m and T I m , which is motivated by the linearity of the Lagrangian response bias. Another approach would be to include a bias term for the quintessence density contrast (b Q δ Q ), combined with a bias term for either the full matter perturbation, or just the curvature sourced part. This is similar to including a neutrino bias term for the case of scale dependent growth arising from massive neutrinos. This approach was found not to reproduce biases from separate universe simulations [19] . Similarly, we find that the scale dependence from the quintessence transfer function, when combined with the matter transfer functions, does not reproduce the scale dependence of the simulation biases. Fits from these models have χ 2 ∼ 10 3 (per degree of freedom), so we do not consider them below.
Passive evolution model
A simple example of bias evolution, based on work by Hui and Parfrey [37, 38] , assumes that the number density contrast of halos is conserved:
This passive evolution model (PE in what follows) is accurate so long as merger events between different halos are sufficiently rare. The evolution of the individual biases is given by:
Each of these individual bias terms are independent of the realization of the long-wavelength mode. The scale dependence from the initial condition in T R m cancel taking the ratio. While the initial condition for T I m does not depend on k, its subsequent evolution after horizon crossing does, and this is where the scale dependent bias originates in this model.
The relative bias for pure isocurvature is:
The free parameter β
, can be fit by requiring this relative bias to match the simulation results on isocurvature dominated scales.
The total relative bias can be written
Since the initial transfer function T R m (a i , k) grows as k 2 , the correct small-scale relative bias
The model fits at mass M = 10 14 M are shown in FIG. 6 at redshifts z = 0 and z = 0.25. The model does not reproduce the scale dependence of our simulation results. Forcing the model to agree with the isocurvature dominated results causes the relative bias to be dramatically over estimated for I/R = −100. For I/R = 100, the relative bias at the Jeans scale is underestimated. Similar versions of this model were also shown to give poor reproduction of simulation results for adiabatic quintessence [18] and massive neutrinos [19] . L R is nearly the same for both values of I/R = ±100, this is because the isocurvature-generated matter fluctuations dominate δm at low-k.
Constant R-I bias model
Suppose that, instead of taking the evolution of b L I to be determined by the assumption of halo number density contrast conservation, we instead take it to be scale independent at all times. Then the total relative bias is given by
We can again fit the parameter β L RI (M, a) to match the isocurvature dominated scales at each redshift. We call this model the constant R-I bias model (cRI). Although the individual components of the bias are assumed to be independent of scale, the total bias does depend on scale through the isocurvature transfer function. The component biases each depend on mass and redshift, and there is nothing requiring the relative bias to be independent of mass for this model. Fits for this model are have χ 2 2 per degree of freedom. For I/R = 100, the Jeans scale relative bias is slightly over estimated, whereas the I/R = −100 biases are underestimated.
Overall, the transfer function models appear to capture the qualitative features of the relative biases. The scale dependence seems to be dominated by the shape of the function δ m (a, k) −1 , which is what one expects for passive halo evolution. Quantitatively, the cRI model gives a much improved reproduction of the simulation biases compared with the PE model. The quality of these model fits is not strongly dependent on redshift. The relative success of the cRI model indicates that the scale dependence of the isocurvature relative bias is fairly weak.
B. Response models
If the number density of collapsed objects cannot be determined from the configuration of the density field at a single time, but instead relies on the cumulative growth history of the matter density, then the bias is nonlocal in time. In this case, we can try to characterize the local mass function as depending on some other small scale observable, which, in the separate universe context depends on the long-wavelength modes that are present in a given region
The response bias is then proportional to the growth response of O W :
The first factor on the right side of the above equation is evaluated in the global universe, so it is only a function of mass, time, and the global value of the quantity O.
That is, this factor is independent of the long-wavelength mode. Then the relative bias is:
Notice that for this class of models, the relative bias is predicted to be independent of mass 2 . Also, unlike the transfer function models, these models have no free parameters. The relative biases are completely determined by linear perturbation theory and the separate universe formalism.
We considered response models based on two possible choices for O: the local power spectrum, and the local critical density for spherical collapse [39] . These were shown in [18, 19, 40] to perform better than bias models based on transfer functions. We found that the results of the spherical collapse model match the results of the power spectrum response model, so we consider only the latter model in what follows.
Assume the local mass function in a region depends on the local power spectrum in a universal way, then the pure isocurvature relative bias is given
This model is compared in FIG. 6 with relative biases from the simulations at M = 10 14 M for redshifts z = 0 
VIII. OBSERVABLES
In real surveys or in large box simulations, the regions covered can be orders of magnitude above the quintessence Jeans scale considered here. The longwavelength mode in these cases can also be sampled over. The effects of averaging over δ L to obtain the squeeze limit bispectrum were already shown in FIG. 2 , assuming scale invariant auto and cross primordial power spectra. Here will consider additional observables, including the large-scale matter power spectrum, the clustering bias, and the stochasticity.
Clustering bias and stochasticity are defined by taking correlations between the long-wavelength matter perturbations and the halo number of density fluctuations (e.g. [37, 41, 42] ture and isocurvature modes
where δ h is the density contrast for the number halos and we have suppressed all arguments, including the k-
, and δ I L , for notational clarity. We then have the following three power spectra for matter perturbations and halos
The clustering bias is defined as
The stochasticity is defined
Here we will assume that all three primordial power spectra are scale invariant, and we take the amplitude of isocurvature fluctuations to equal the amplitude of scalar curvature fluctuations. Finally, we consider cases where the cross power spectrum is 65% correlated or anticorrelated, and the case where it is totally uncorrelated.
Since we take the isocurvature amplitude to equal the curvature amplitude, we are well within the regime where the parameter-free power spectrum response model adequately describes the bias.
where X can be either R or I. The biases in this section are all Eulerian (b E = 1 + b L ), although we will omit the superscript E that indicate this.
Using the biases from adiabatic mode simulations, the mass and redshift dependent function can be fit and used to calculate the power spectrum response model biases at large-scales in the presence of isocurvature. With the bias determined at five redshifts, we fit this for mass M = 1 × 10 14 M as a quadratic function of scale factor. These observables are plotted in FIG. 8 for redshifts ranging from z = 0 − 3. The most significant feature predicted by this model is the growth of power at very large scales with k < 10 −4 Mpc −1 . This is the isocurvature curvature dominated regime, above the quintessence Jeans scale. Current observations do not yet extend to scales with k < ∼ 10 −3 Mpc −1 [43, 44] . The growth of the power spectrum at large, isocurvature dominated scales is due to that fact that
As long as P II /P RR does not scale as a higher power of k than k 4 , P II mm dominates the power spectrum on scales above the Jeans scale (k < k Jeans 10 −4 Mpc −1 ), and the power spectrum will increase with decreasing wave number. Below the Jeans scale, P RR mm dominates, so the typical ΛCDM matter power spectrum with adiabatic initial conditions is recovered on these scales.
Near the Jeans scale, the shape and evolution of the matter power spectrum depends on the curvatureisocurvature cross-correlation term P RI mm . For correlated R-I fluctuations, the transition from isocurvature to curvature dominated behavior is smoothed out compared with the uncorrelated R-I case. Although, this effect is slight even in the limit of 100% correlation. For the anticorrelated case, the transition from isocurvature to curvature dominated behavior features a sharp dip in the power spectrum near the Jeans scale. In the limit of 100% anticorrelation, there is a wave number near the Jeans scale at which the power spectrum vanishes.
There is also clear scale dependence of the clustering bias above the Jeans scale. The shape of the clustering is sensitive to the cross correlation between curvature and isocurvature fluctuations. The stochasticity is peaked at a scale above the Jeans scale. The value of this scale depends on the ratio of the curvature and isocurvature amplitudes. For larger isocurvature amplitudes, this scale approaches the quintessence Jeans scale. The height and width of the peaks in the stochasticity are sensitive to the cross correlation. Over time, both the clustering bias and stochasticity evolve to approach unity, so the scale dependence is most prominent at earlier redshifts. However, the scale dependence shows up at larger scales at earlier times.
IX. CONCLUSION
Quintessence isocurvature perturbations provide a scenario in which large-scale structure formation can be studied in a context that is more general than the canonical ΛCDM model. The scalar field dark energy perturbations introduce both scale dependent growth, through the presence of a quintessence Jeans scale, and also initial condition dependent growth history. As shown in FIG. 1 , large-scale matter perturbations can have dramatically different, and even nonmonotonic evolution in this context, depending on scale and initial conditions.
Using separate universe techniques and N-body simulations, we have studied the responses of smallscale observables such as the local power spectrum (FIG.  3) and halo mass function (FIG. 4) to the presence of long-wavelength perturbations. Our methods have been validated by comparing the results of the power spectrum response to 1-loop calculations from perturbation theory and by comparing the response biases for the adiabatic case to the clustering bias in larger volume simulations. We have also verified, in FIG. 5 , that the individual responses to long-wavelength curvature and isocurvaturesourced perturbations can be linearly combined to study the effects of varying the initial conditions. That is, the separate universe simulations can be used to make predictions for any initial large-scale curvature and isocurvature power spectra.
The linearity of small-scale observable responses guarantees that the evolution of the total bias depends on both scale and initial conditions. While scale-dependent bias has previously been found, originating from scale dependent growth due to neutrinos and quintessence without isocurvature, this is the first instance of bias evolution that depends on initial conditions of the longwavelength matter modes.
In section VII, we tested a number of simple bias evolution models against our simulation results. These models break down into two classes: transfer function models and response models. While all of the models roughly capture the dependence on scale and initial conditions of the bias evolution, FIG. 6 demonstrates that two of the models considered reproduce the scale dependent features in the bias. One is the the transfer function model that assumed scale invariant bias factors for both the curvature-sourced and isocurvature-sourced components of the matter perturbations (the cRI model). The success of this bias model is a consequence of the linearity of the response observables, and the weak scale dependence of the purely isocurvature-sourced halo bias. The other viable bias model was based on the power spectrum response (R g ). This model outperformed the cRI model at low redshift, but was worse by redshift z = 0.25. The third model we considered, based on an assumption of passive halo evolution (PE), gave poor reproduction of the simulation results at all masses and redshifts.
The dependence of small-scale observables on growth history, through the wave number and initial conditions of a long-wavelength mode, indicates that structure formation is nonlocal in time. That is, it is not enough to know the statistics of the density field at a single redshift in order to predict the statistics of halos at another redshift. In this work we have provided a demonstration of history dependent structure formation in a model where the effect can be made arbitrarily large, in the sense that the ratio of isocurvature to curvature can be large. In principle, the relative strength of isocurvature fluctuations to curvature, as well as the quintessence sound speed can be constrained by large-scale structure observations and CMB measurements.
In this appendix we will make some basic observations about the possibility of generating quintessence isocurvature perturbations that are large enough, in comparison with adiabatic perturbations, to have observational impact at late times.
Dark energy isocurvature perturbations that are perfectly anti-correlated with the primordial curvature perturbations have been studied by [22] , among others, for the purposes of producing a low quadrupole amplitude in the CMB temperature power spectrum. The mechanism studied involves a delayed, postinflationary production of curvature perturbations sourced by the same field that sources the dark energy isocurvature perturbations. This is achieved, for instance, by making the quintessence field the field that modulates reheating [34, 45] or via curvatons [46] [47] [48] [49] .
In [22] , the authors argue that inflationary generation of anti-correlated quintessence isocurvature perturbations generally makes the tensor-to-scalar ratio too large. However, in [22] the scalar perturbations sourced by the inflaton were neglected. If included, they keep the tensor-to-scalar ratio small but will unavoidably dominate over the scalar curvature perturbations generated after inflation. This necessarily makes the isocurvature perturbations small and only weakly correlated to the adiabatic modes. On the other hand, we find it is generally possible to satisfy these criteria with a modified kinetic term, including the one used in the main text of this paper (see Eq. (1)).
Consider a scalar field Q with a Lagrangian that is a general function of X and Q,
where
The energy density and pressure are
For a homogeneous background, we havė
which gives equation of motion for Q Q + 3c
where the effective sound speed is given by
It will also be convenient to define 
In absence of derivative couplings of the field to itself, P ,XQ = 0, so we have c 2 X = −1.
Q as dark energy
We define slow-roll parameters for Q as
which can be rewritten as 
In the limit Q 1, we have w Q ≈ −1. The additional condition η Q 1 can be imposed to keep Q 1 but is not necessary for our purposes. In particular, the example solution used in the main text of the paper has This can be rewritten in terms of Ω Q , and the slowroll parameters, using Eq. (A13) and the Friedmann equation, as c Qi 4
where the subscript i indicates that these quantities are evaluated during inflation, and quantities without this subscript are evaluated at late times. For a standard kinetic term, Eq. (A31) becomes
which cannot be satisfied by a field that dominates the energy density today and remains frozen from inflation until today (Q i Q).
On the other hand, with a non-standard kinetic term it becomes easier to satisfy Eq. (A31). For the Lagrangian in Eq. (1) we have, c Q 4
(A33) For the solution we considered in this paper,
∼ H/H i , which allows the left hand side of Eq. (A33) to be small even if Q i /Q, Ω Q ∼ 1. The factor on the right hand side involving η Q is given by the background solution:
where f is defined in Eq. (6) . During matter domination, this gives 1 + η Q /(3(1 + c 2 Q )) = 3 2 . This factor, combined with other factors of f from the expression for X evaluated on the background solution, combine to a numerical constant of order ∼ 10 at most on the left hand side of the above inequality.
Finally, note that the tensors generated during inflation are
so the tensor-to-scalar ratio is
So, if ξ 1 (inflaton perturbations dominate) we have the usual expression for the tensor-to-scalar ratio, and as ξ decreases, the tensor-to-scalar ratio gets even smaller. Note that even secondary production of gravitational waves by a spectator field like Q cannot enhance the tensor-to-scalar ratio [50] .
